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ABSTRACT. A bilinear estimate in Fourier restriction norm spaces with applications to 
the Cauchy problem 

u t - \D\ a u x + uu x = in(-T,r)xM 
m(0) = u 

is proved, for 1 < a < 2. As a consequence, local well-posedness in H s (K) n H ~ w (R) 
follows for 

3 

s > (a — 1) and u> = 1/a - 1/2 

This extends to global well-posedness for all s > 0. 



1. Introduction 
We consider the Cauchy problem 

zit — |_D| Q it;,; + uu x — in (-T,T)xl 
w(0) = m 

for 1 < a < 2 and we are interested in well-posedness results in low regularity Sobolev 
spaces. 

Our aim is to give an improvement to our previous results |7|, where we proved that 
the Cauchy problem is locally well-posed in H S (R) n ij~ w (]R) for s > 1 - a/2 and 
uj = — — |. Due to the conserved Hamiltonian this also implied global well-posedness 
for s > % . Moreover, using the counterexamples found by Molinet, Saut and Tzvetkov in 
1131 it was shown that the condition on the low frequencies is sharp in the sense that for 
u> < i — \ the flow map fails to be C 2 . For further references and results we refer the 
reader to the works of Colliander, Kenig and Staffiliani 1 3 1 and Kenig and Koenig and 
the introduction of Q. After |7 1 was completed, we learned that these results were also an 
improvement to a similar approach by Molinet and Ribaud 1 12 1. 

Here, by a refined bilinear estimate we observe that the same local well-posedness result 
holds for alls>— |(a — 1), which immediately implies global well-posedness for all 
s > 0. 

Our analysis includes the range 1 < a < 2, without the endpoints a = 1,2. Very re- 
cently, Kenig and Ionescu 1 8 1 studied global well-posedness of the Benjamin-Ono equation 
{a = 1) for real valued data in L 2 (see also ll2l ll4l ). We observe that in the limit for a — > 2 
our lower bound on s tends to — | which coincides with the results of Kenig, Ponce and 
Vega [ 1 1 1 for the Korteweg-de Vries equation and the low frequency condition disappears. 
In the limit for a — > 1 the lower bound for s tends to and u — > h . We believe that the 
lower bound for s is optimal, but this is work in progress. 

Acknowledgments. The author is grateful to M. Hadac and H. Koch for discussions on the 
subject. Moreover, the author would like to thank A. Ionescu and C.E. Kenig for interesting 
remarks on the Benjamin-Ono case. 
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2. Notation and Definition of the Spaces 
Let iS(R") be the space of Schwartz functions on R n and define the Fourier transform 

by 

= 7(0 - (2<T f / e- ix -tf(x) dx 

JR™ 

The partial Fourier transform w.r.t. t G K (x G R) will be denoted by Tt (T x ). \D\ S de- 
notes the Fourier multiplier operator with JF|£)| s w(^) = |£ \ s Tv{^), and J s is the operator 
with symbol (£) s . 
We write 

W a (t) : -> H^.^Wa^tioCO = e ii€l « r ^u (0 

for the solution operator of the linear homogeneous problem, which defines a unitary group 

Throughout this work let tp G Cq°([—2, 2]) be a nonnegative, symmetric function with 
^| Mil] = land let ^ T {t) := i/>(t/T). 
We use the same spaces as in |7| 

Definition 2.1. For s > and < u < \ we define the Sobolev space as the 

completion of <S(R) with respect to the norm 

\H 2 H ^ := / (0 2s+2w |er 2 "l«(0| 2 ^- (2) 

JR 

Sometimes it is convenient to identify H^ s ' w ' and H S (R) n i/~"(R). Our resolution 
space, a variant of the Bourgain spaces introduced in 1 1 1, will be 

Definition 2.2. For < u) < ^ and s, b G R we define the space X s w .b as the completion 
of <S(R 2 ) with respect to the norm 

\\uf x _ b := f \^(0 2s - 2 ^(\r\ + \e +a )^(r-m\ a ) 2b \^u(T,0\ 2 dTd^ (3) 

' ' JR 2 

For T > we define the restriction norm space 

X J,u,b ■= H[-T,T] I U G X S)W)6 } 

with norm 

IMIxJ^ b = mf {||^lk s ,„, 6 I u = u|[_ T ,r], u G X s ^ tb }. 

3. Main Results 

Our aim is to prove the following bilinear estimate. 

Theorem 3.1. Let 1 < a < 2, s > sq > — | (a — 1 ) ant/ a; = — — \. There exists b' > — \ 
and b G (4, 6' + 1) 5mc/z f/zaf 

||9 x (uiU 2 )|U S)UIii ,, < c||tti llx^,,, IMU 30 ^, b + ||wi||x 30 ^,„ ||«2 (4) 

for all ui,u 2 G 5(R 2 ). 

This leads to local well-posedness by an application of the contraction mapping princi- 
ple in a straightforward way. For the general outline of the proof we refer the reader to e.g. 
□ Hell- The minor modifications of these arguments in the X SM _i, spaces are carried out 
in detail in our previous work 171 . 

Theorem 3.2. Let 1 < a < 2 and to — — — i. Then, for s > sq > — | (a — 1) there exists 
b > | and a non-increasing function T : (0, oo) — > (0, oo), smc/i that for any uq G 
andT = T(\\uo\\ H (s ,u)) r there exists a solution 

uEX^, b cC([-T,T},H^) 
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of the Cauchy problem 

u t - \D\ a u x + uu x = in (-T, T) x M 
u(0) = u Q 

which is unique in the class of Xj o u b solutions. Moreover, for any r > there exists 
T = T(r), such that for B — {vq G H^ s '^ | ||uo||ij(«o. w ) ^ r } the flow map 
F : H^'^ DB^ C([-T,T},H^ S ^) nXj ub , u ^ u 

is analytic. 

Remark 1. Here, solution always means fixed point of (an extension of) the operator 

1 /"* 

$r(«)(t) = mW a {t)u - -Mt) / W a (* - t')d x {u 2 )(t')dt' 

1 Jo 

in X S!U)t b. These solutions are solutions in the sense of distributions at least 1 for s > 0. 

Together with the a priori bound from Lemma I67TI this also shows the following 

Theorem 3.3. Let 1 < a < 2 and u) = — — ^ as well as so > — § (a — 1). TTjen, /or s > 
f/iere ex/sfs b > ^, such that for every T > ana? reaZ valued uq G H^ s ^ there exists a 
real valued solution 

u€Xj <u<b cC([-T,T],H^) 

of the Cauchy problem 

Ut - \D\ a u x + uu x = in (-T, T) x R 
u(0) = u 

which is unique in Xj u b . Moreover, the flow map 

F : C([~T,T],H^)nXj^ b , u » u 

is real analytic. 

4. Preparatory Lemmata 

In this section we will summarize our main tools for the proof of the bilinear estimate. 
First, we recall the LfL^ Strichartz estimate. 

Lemma 4.1. For b > \ we have 

ll-^ullzfi- < eHUo.o.i, ( 5 ) 
Proof. From 1 10 1 Theorem 2.1, we know that 

HlDl^WaWtlolUjigo <c\\u \\ L 2 
By the general properties of Bourgain spaces, see e.g. [4 1 Lemme 3.3, the estimate 

[[l^l^ulUjz- <c||u|k ,o, 6 (6) 
follows. By smooth cutoffs in frequency, we split u into a low frequency part u low with 

and a high frequency part u := u — u low . Then, 

||^«|U fi - < \\J^u low \\ L ^ + \\J^u hi ° h \\ L . L ~ 
By an application of the Sobolev inequality, the first part is bounded by 

c\\J^+^u low \\ LiLl < c\\u\\ LfLl < c\\u\\ Xo , , t 



'Even for s < one can still use some smoothing properties to verify this 
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whereas the second term is bounded by 



c\\\D\- SL T l J B * l u hi9h 



An 



<c\\u 



Aq.O, b 



due to (|6), which gives the desired estimate. □ 

The next Lemma contains a bilinear Strichartz type estimate in the spirit of |5||5j. For 
the proof we refer to our previous work [ 7 1 . 

Lemma 4.2. We define the bilinear operator II via 

||fi| 2s - If 2 1 2s |^i (ri,a)^ 2 (r 2 ,6)rfn^i 

5=5l+52 



Forb>\ 

I* {ui,u 2 ) 

Moreover, we define as 
TKf{u u u 2 )(T,d) = 



< 4 u A\x ,o, b \\ u 2\\x 



(7) 



e=ei+C2 

T = T 1 +T 2 



l€x l a l 5 J^i (n , f i )^ 2 (r 2 , f 2 ) dn dCi 



/•T* 2 w the formal adjoint ofu 2 i— > J* 2 (tti, u 2 ) vw'f/i respect to I? xt and for b > 



K* (ui,u 2 ) 



A„ 



< c|K|| X ||u 2 ||z2 ,Ui S X ,o,6 ,«2 G 



(8) 



Finally, we note the elementary resonance relation, which is crucial to exploit the 
weights in our resolution space. 

Lemma 4.3. Let 1 < a < 2. Define 
77zen, /or f = fi + f 2 if ^oW* f/zaf 

Kfl,f 2 ,f)| >c|f m in||fma*r, (9) 

vw'rfc |f mini := rnin{|fi|, |f 2 |, |f|} and |f max | := max{|fi|, |f 2 |, |f|}- 
5. Proof of the bilinear estimate 

Let us fix notation. We define a = |t| + |f| 1+Q and oi = |rj| + |fi| 1+Q as well as 
A = r — f |f | a and Aj = Tj — fi|fi| a - Moreover, we set 

M^fi) = |fir w <f i ) s - aw (A i ) i, ((7 i )-^(r i ,f i ) 

and 

:=/i(7-i,€<)<^<> _6 - 

We use the notation 

/ S r (n,fi)/i('T2,f 2 ) := / 5( T i,fi)/i(T-2,f 2 )dTidfi 



We first consider the case s = so 
bound 



Ma — 1) + e for small e > 0. Our goal is to 



||<9 x (uitt 2 )|| 



A\ 



ifi i - w (f)™(A) 6 '(<7) w / n 



i&H&r'-v^fi) 



(Ai) b (<7 i )< J 



by the product of the L 2 norms of the /,-, where we may assume that < / t £ <S(M 2 ). 

Due to the symmetry in fi,f 2 it suffices to consider the subregion of the domain of 
integration where |fi| < |f 2 |. By the convolution constraint f = f 1 + f 2 we then have 
If I < 2|f 2 |. This region is splitted again into 
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1. Region D i: 4|fc| < There, \^\ < \\&\ < ±|£| < §|fc|. 

2. Region £ 2 : |^| < |fc| < 4|&|. There, |£| < 2\U \£\ < 5|fc|. 

Let A, A\, A2 be subregions of the domain of integration, such that in A we have (A) > 
(Ai), (A2), in A\ we have (Ai) > (A), (A 2 ) and in A 2 the inequalities (A2) > (A), (Ai) 
hold. 

We first consider the region D\ and subdivide it into two parts D\ = D\\ U -D12, where 
in D\\ we have |£i | < 2 and in D\ 2 we have |£i | > 2. In D-y we see by Lemma l4~3l 

|A-Ai - A 2 | = IM6,6,0I >c|fcll£l Q 
because |£i| = |£ min | and |£| < 2|£ 

max I ■ 

Now we start the analysis in the subregion D\\ where the arguments remain close to 
those in We exploit 

ki 1 - f = icr < c\^(x A (xr + xa % (\ir + xa 2 (A 2 n. 

Therefore in D\\ the bilinear estimate follows from 



£ii j ii>*iU 3 < c nii/^ 2 > 

fc=0 i=l 

where 

Jn,o= / x Dll nA\^(o s - auj w b ' +uj ^r\^rf[ 

and for k = 1 , 2 



(10) 



Jn,k = ^ X Dll nA k <0™ (A) 6 ' (a)" 16 I'W" JJ ■ , A ,,, n 
We observe that in D\\ 

(6)""- s (0 s -" u < cand {£,i) au> - s < c 
In addition, we use b' + lo < and |£ 2 | w < cICI" to show that 



(11) 



II Jii.ollz, 2 < c 



L 2 



Because of the convolution constraint (r, £) = (ji, £1) + ( r 2, £2) we a l so have 

(a) 1 

7 w r < c-. 7— < c 

{(Ti){a 2 ) min i= i i2 (cr^) 

which implies 



(12) 



XDnDA 



i*i f II 



||Jii,o||l 2 <c 
We observe that in Dn 

such that with @ 



^ <c\\u a -Mi\ a \K 



||Jll,0||i2 < C 



< c 



(Wl,«2) 



L 2 



i=l 



n 



illi 2 
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since b > 1/2. For Jn ; i we use il It and d!2i again and get 



(A) b /i(T 1 ,6)(Air- b /2(r 2 ,6)(A2)- 



L 2 



We may assume that | Ai | > 2|A|, because otherwise the same argument as for Jn.o applies. 
If (fi) < (02) we have < miiii = i j 2(cri} a '. If we suppose that (0-2) < (o"i) we see 

|Aii = in - aian = |r-r 2 - eier + eicr - ai^ri < iai + 

since we are in region £>n. This implies (Ai) < c((72} and we also have 



(Ai) w <c mm (aiY 

i=l,2 



Therefore, 

H^n.ilU 2 < c 



Xflnn^ |£| * (A) /i(r 1; 6)(Ai)-7 2 (t 2 , C 2 )(A 2 ) 



\-6 



L 2 



In Dn we have |£ 2 < c||^2| Q — l£i| Q | 5 an d by assumption &' < 0, such that we may 
proceed as above with Jq and use the estimate to conclude 



II J 



11,1 i : 



< c 



H6r-|£iH*n 



Mn,d 



<cl[\\M L2 

L 2 »=1 



For Jn,2, we have by ( II Q and d!2t 



Pll,2||i2 < C 

In _Dn n A2 we have 



tonnA 2 |£| f (A)" /i(r l7 Ci)(A 1 )- b / 2 (r 2 , 6)<A 2 )° 



L 2 



<c||r-|a| a |'and (A 2 r- b < (A)- b 
such that, because of b 1 + uj < 0, 

||Jii,2||l2 <c Kf(v 1 ,F- 1 f 2 ) 

Xq , , - fa 



<cii«iiu 0>G .jiJ 7 - i /2iu»=cnn/ < iu a 



1=1 

for 6 > 1 /2 by the estimate ©. 

Let us now consider the region D12. We define the contributions 

7 f Itll— u>/t\s— aui/\\b' /„\u) TT /i( r i;Ci) 

J12.0 = y Xr> 12 nA|f| (?) (A) (ct) || (A ) b (g-)^ 

and, for k = 1, 2, 

Jl2,k = XD 12 nA k \Q (?) (A) (<t) ||- 

J * t=l 

In the subregion Z?i2 fl Awe use 



<Ai> b <^ 



i?r ab '<ar b ' <c(\y 



and 

ll^l2,o||i 2 



< c 



L 2 
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Using (£ 2 ) QW ~ S (0 s ~ auJ < c and O this is bounded by 

\l+ab' (^l) b TT /i( T i; ^i) 



XD 12 nA\£\ 



n 



L- 



Now, for b' + u> < we estimate 

< c | C |f (a) i-f+« 6 ' 

since 1 — % + ab' < 0. Moreover, 

1 - - + ab' + ¥ + aw - s + uj - (1 + a)ui = 1 - — + ab' + b ' - s 



which is negative for 



s>a(-- + b') + l + b' 



Therefore, choosing b' < min{— u>, — 4}, we continue for s > — |(a — 1) with 



< C 



L 2 



Next, we study the contribution of J\2,x- We may assume that (Ai) > 2(A), because 
otherwise we use the same argument as in D12 D A. In D12 fl Ai we exploit 



We observe that 
and therefore 
This shows 

|| </l2,l|U 2 < C 



|Ai| = |n - < |A| + c(a 2 ) => (Ai) < c( CT2 > 



(Ai) w < c min (<7i)'' 

»=1,2 



X-D^nA^A) (£1) 



b' t£ \ — — -\-uj-\-o.uj — s 



(Ai)5- 6 (A 2 )- b n/ i (r i ,£ i 



i=l 



L 2 



We choose & > 5 and in D12 we have £1 < |£2|- Since we only consider s < | — ^ 
(which means e < ^^p), we have 



lkl2,l|U 2 < c 



/(A) b '(e 2 )^^ s (A 2 )- b n/ l (r l ,^) 
J * i=i 



L 2 



With b' < — \ and Sobolev in time we see 



11^12, l|U 2 < C 



< c||/l||L ? L 2 lk^ f_S 'f2||L4 i eo 

Finally, by (|5jl 

||j5-f- s u 2 ||z,4 ig c < c||«a||jt 0l o, t = II/2IU 2 

if \ — — s < 2 ?i, which is equivalent to s > — | (a — 1). 
Now we turn to the contribution of D12 (1 A2, where we use 



x 
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and it follows 

II Jl2,2\\L 2 



< C 

We have 
and 



, If, \b' +u+au-s 

XD 12 nA 2 \t,\ — T 



min i= i,2 (cri} 
<A) b '<A 2 )- 6 '- b < (A)- b 



(A) b '(A 2 )- b '- b (A 1 )^n/ l (r l ,^) 



i=l 



L 2 



1=1,2 

and if b' < —uj we have 1 + cxb' — j < and therefore 

If 6' < -\ and s > -|(a - 1) we estimate b' - s + 1 + ab' - § < Q and 

iei f <ciier-iari' 

and therefore, by the dual bilinear Strichartz estimate (|8jl 



11-^12,2 || Z.2 < C 



/ n^r - ieii"i*<A>- b <A 1 >- b ix/ i (T- i ,^) 



L 2 



< c n 



This completes the discussion of the subregion D\. 

Let us now consider the domain Z3 2 , where |6 < |6 < 4|6|, |£| < 2|6 and |£| < 
5|6|- We subdivide D 2 = D 2 i U D 22 , where in 



and in 



D21 : 66 >0 or|e| > ^|6 1 or |6 1 < 1 



D22 ■ 66 < Oand |£| < -161 and |6| > 1 



additionally hold. As above, we define for j = 1,2 

J * i=l 

and for k = 1 , 2 



(A,) b (^)- 

We start with the discussion of D21, where all frequencies are of comparable size or smaller 
then a constant, which shows that 



Therefore, 



In A we have 



|^21,o||l 2 < C 



b' TT fi( T i' Ct) 



L 2 
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and we use the Strichartz estimate (jSJi to conclude 



1-^21,0 Hi 2 < C 



(0 



(Cl)— ^1(^,6)^2^2,6) 



L 2 



since 1 — s + + a) — < 0, which is equivalent to | + b' — j + ab' < s. This is 
fulfilled for b' < -\ + §. In A 1 we have 

(£) b(1+Q) < c(Ai) b 

and we use Sobolev in time and the Strichartz estimate (0 to conclude for b' < — 4 

ll^t.ill^ < c / 6(1+a) - a ^(A) 6 '/i(n,6)<e2> a ^J 7 «a(75,6) 

J* £2 

2 
i=l 

The same argument applies to J2\,i by exchanging the roles of /i, /2. 

Finally, we turn to the contributions from the region £>22- Here, we have 66 < 0. 
Therefore, we may write 6 = /?6 for (3 6 [— 1, — i]. By the mean value theorem, this 
shows 

II6I Q - l&n* = \W - i|* 161 s > \W\ - i|^l6l f = ^1*161^ d3) 

Let us start with the subregion A. We have 

{c) u < c{X) UJ + cx|5|>i(6 w+QaI 

which shows 



||^22,o|U 2 <C 



X£> 22 nA 



|6| W <6> QW -Vi(Ti,6) 



{K) b {<JiY 



L- 



+ c 



XD 22 nAX\t\>l{£) 1+S W h 'X{ 

i=l 



i+.nM/ TT\Zi\ U Mn,& 



(Ai) b (CTi)" 



L 2 



Using 

and Jl 3i we see that the first term is bounded by 



f 1 1| 1+6' /rts-au /t \-2s+a6'+auTT /•( 7 i!?i) 

J XD 22 nA\K\ (6 \52/ J_l 



<c 



iiar-N^n 



L 2 



If &' < — ■= and e < 4, then i + 6' + s — aw < 0. Moreover, for 6' < — i + e, we have 
—2s + ab' + aoj — s^pi < 0. Then, by the bilinear Strichartz estimate @ this is bounded 
by 



< c 



f lie l" It "I? TT f i ( 1 ~ i i &) 

yjiai -161 1 11-(a^- 



<cnii/,iiL 2 

L 2 »=1 
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For the second term we use 



and find with l fl"3l 
... < c 

< c 



s+l+6' /e \afc'-2s 7T fi( T ii £») 

1 (A,) b 



^XD 22 nAX| ? |>l(e) S+1+b '(6) Q "'- 2s ri 



L 2 



lie la It |a|-j TT /i( r «i 6) 

1161 -161 I 2 11^a^ 



L- 



We only consider e < |(a — 1). Then, for b 1 < — ~ + |(a — 1) — e we observe that 
i + s + b' < 0. Moreover ab' - 2s - ^ < for 6' < -| + £. Using the bilinear 
Strichartz estimate @, we arrive at 

2 

||^22,o|U 2 < C H/ilU 2 
i=l 

Next, we consider the subregion A\. We have 

<c<A 1 r+ CXK |> 1 <o w+aw 

which shows 



IIJ22, <c 



+ c 



x^ 2 nA 1 ier-"(0™(e2}- 2s (A) b '(A 1 )- fc+ -(A 2 }- h n/ l (r^ I ) 

i=l 

2 

Xz 522 nA 1 X|c|>i(0 1+s (A) h '(A 1 )- b (A 2 )- b (e2}- 2s n^( T "-^) 



L 2 



i=l 



L 2 



As above, by 



we see that the first term is bounded by 

2 

XD 22 nA\e +b ' <0 ™ (6 ) - 2 *+« fc '+^ (A) - b <A 2 ) - b J] / 4 ( Tj , & ) 

i=l 

(0 1+6 ' +s - Q "(6)- 2fl+Q6 ' +aiJ -' IICr-|6| Q |MA}- b (A 2 )- b n/ l (r l ,^) 



< c 



L 2 
2 



(=1 



L 2 



Here, we used that due to |£| < l|6l ar, d 61 > 1 we nave 

ncr-i6rp>c(6> f 

By estimating (£) 3 < (6) 5 an d with tne same restrictions on s, 6' as above we may apply 
the dual bilinear Strichartz estimate and get 



< c 



f ncr-i6n i (A)- b (A 2 )- i 'n/i(n,6) 



L 2 »=1 



For the second term we use 



ier 6 '(&)- o,6 '<c(Ai)- 
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and find 



< c 



(0 



(6) 



cub' —2s—-. 



ner-i6nMA)- b (A 2 )- b n/ l (r l ,^ 



L 2 



<cf[U, 



i £ 2 



by (|8} with the same restrictions on s, b', b as in the region A, since (£) 5 < (£ 2 ) i . 

Finally, we turn to the region A 2 . In D22 the frequencies £1 and £2 are of comparable 
size and due to |£| < ^|£i| and |£i > jl&l > 5 we have 

iier-iCiiT >c<a) f 

Now we use the same argument as A\ with the roles of j\ , /2 exchanged. 

This finishes the proof of the bilinear estimate for ,s = so = — l)+e, fore < ^-j^. 
The restrictions on b' can be summarized to 

,, . r l 1 e 1 3 . . , 

< mini ,—0J, 1 — , 1 — (a — l) — E\ 

1 4' ' 2 3' 2 4 V ' S 

For b we assumed | < 6 < b' + 1. Now we turn to the case s > sq = — |(a — 1) + e. Let 
p = s — sq. Because of 

(0 p <c(6) p + c(6) p 



||^(wiu 2 )|| 



< c\\d x (J p Ul u 2 ) 



X. 



, b , + \\d x ( Ul J p u 2 )\ 



l u 2|U s 



This proves that for all s > so > — |(q — 1) we find suitable b' G (— i,0) and b G 
(^,6' + 1) such that the bilinear estimate holds true. □ 



6. An a priori bound 

This section is devoted to the proof of an a priori bound for the norm, which 

allows an iteration of the local argument to prove global well-posedness for s > 0. 

Lemma 6.1. Let s > 0. There exists C > 0, such that for all smooth, real valued solutions 
u of Q, we have 

sup ||«(t)|| K( o.«) <C7|K0)|| H( o..> +CT|K0)||^ (o ,„, (14) 
te[-T,T] 

Proof. We easily verify the conservation law 

IK*)lli» = IK0)|||=, te(-T,T) 

Therefore it suffices to prove an a priori estimate for the low frequency part in H~ u . Let 

if) G C 3O ([— 2, 2]) be nonnegative with ^[-1,1] = L We define 

The function v solves the equation 

v t -\D\ a v x = f in(-T,T)xR 
v(0) = v 

where JF xU o(0 = ipiOl^^M^iO and 
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For fixed t we estimate 

wmhi <c\m)F x u 2 m)\\ L i < c\\T x u 2 {t)\\ LT 

< c ||^|| Li < c |Kt)||i, 

This shows 

\\v \\l~li < c\\vo\\ Li + c\\f\\ L i TLi < c\\u(0)\\hi°.*» + cT\\u\\ 2 L¥Ll 
<c||«(0)|| JJ( o,u +cT|| u (0)|| 2 H(0 ,. ) 

□ 
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